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direct numerical simulations 
Abstract An accurate force estimate for finite-size particle simulations is proposed based on Lagrange 
extrap-olation of third order, coupled with a Taylor interpolation of the same order, to estimate pressure and 
viscous constraints on the surface of particles. The main point of our approach is to upwind the interpolation 
support in the normal direction to the fluid/solid interface so as to use only fluid values to estirnate forces. 
Also, detailed validations of forces are considered for estimating accuracy and convergence order of the 
method on various incompressible motions such as the flow around an isolated particle at various Reynolds 
numbers and flows across packed spheres under faced-centered cubic, random, and bidisperse arrangements. 
1 Introduction 
In the framework of finite-size particle motions, the numerical simulation of a particulate flow interacting 
with a surrounding fluid can be investigated following two different numerical strategies: unstructured and 
structured grids. This important choice is in particular motivated by the instantaneous description of the 
evolving complex shape represented by the interface between the carrier fluid and a set of moving particles. 
On the one band, the more natural discretization seems to be the implementation of an unstructured body­
fitted grid to simulate the fluid area in the two-phase particle flow []�]. Building such a finite-volume or 
finite-element mesh in three dimensions is not easy and requires automatic remeshing as the solid particles 
move according to time and space. The remeshing process at each calculation step is time-consuming and 
can be very difficult to manage automatically in computer softwares when the global shape of the fluid-solid 
interface is changing at each calculation step [5]. On the other band, it can be imagined to develop a fixed 
structured grid approach to simulate particulate flows. With this method, the mesh is not adapted to the fluid­
solid interfaces and includes both phases. On a mesh point of view, this approach is sirnpler than the 
previous one. The difficulty lies in taking into account the presence of particles in the fluid wbose interface is 
not explicitly tracked by the mesh 
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that does not conform to the fluid/particle interface. This type of modeling and numerical problem belongs
to the class of fictitious domains [6,7]. The penalty modeling strategy [8–10] developed hereafter is based on
this approach and will be reported in the next Section.
One major interest of finite-size particle motion simulation is to provide a local estimate of all flow
characteristics (velocity, pressure, viscous stress) together with a local description of the particle–fluid interface.
The resolved scale particle motion does not require any force modeling nor interaction model as soon as the
mesh is refined enough. In the present work, we will demonstrate that having at least five points in the boundary
layer attached to a given particle allows to recover all the physics of the particle flow without using any force
or interaction model (drag, lift, lubrication, etc). As a consequence, the finite-size particle approach can be
considered as a kind of fully resolved direct numerical simulation (DNS) of the particulate flow as soon as no
modeling is required to solve the problem. The mesoscopic or macroscopic particle flow models (Eulerian–
Lagrangian, Eulerian–Eulerian) do require the knowledge of interaction forces to close specific particle–motion
interaction terms. For an isolated particle in an infinite medium, the drag force law of Schiller and Naumann
[11] is well known and often used in large-scale models. For fixed and moving beds of particles, we can cite
the correlations based on experiments proposed by Ergun [12] and Wen and Yu [13] and also Gobin [14] who
proposed a correlation based on these two correlations. As soon as the solid fraction is high and the particle
size or shape of particles is not constant (bidisperse flows, spheroidal particles, etc), drag and lift laws have to
be designed. This is the main objective of the present work, i.e., providing a DNS framework with accurate
force calculation in order to finally obtain new force laws for various particulate motions.
Numerous numerical works have been devoted to performing DNS of finite-size particulate flows and
obtaining resulting drag force laws from the macroscopic analysis of local flow motions in the vicinity of the
particle surface. The first class of numerical models, generally investigated for fixed arrangements of particles,
is the lattice Boltzmann approach. It was used in numerous works by Ladd [15,16] for particle suspensions, by
Hill et al. [17] for monodisperse face-centered cubic (FCC) array of spheres, by Hoef et al. [18] and Beetstra
et al. [19] for random monodisperse and bidisperse arrays of spheres to cite a few. Another class of very
popular methods for handling finite-size particles is the Immersed Boundary Method (IBM) coupled with
incompressible Navier–Stokes equations initially developed for particulate flows by [20–22]. For a random
monodisperse array of spheres, the work of Tenneti et al. [23] is very interesting as it covers a wide range of
solid fractions αd = 0.1–0.4, and also Reynolds numbers up to 300. At the end, a new correlation is proposed
for drag force laws. The last interesting class of numerical approaches is the body-fitted mesh method that
is restricted to a fixed array of particles as it is impossible to generate automatically a three-dimensional
mesh that adapts to the motion of particles. Among the most interesting works in the field, we can cite the
simulations and analysis of Massol [24] for monodisperse FCC arrays of spheres. Massol’s work [24] was
conducted using the AVBP code [25] destined to unsteady simulation. This is an unstructured mesh code
with third-order finite-volume scheme in time and space. Massol [24] studied various grid types (hexahedra
and hybrid prims/tetrahedra) and resolution effects on the drag force. Indeed, simulations of face-centered
cubic arrangements of spheres were carried out at Reynolds number 50 and solid volume fraction of 0.15
with hexahedra grids when the number of points changed from 304,904 to 812,312 and drag difference was
of 2%. With hybrid prisms/tetrahedra grids, when the number of points changed from 249,619 to 559,893, the
maximum drag difference was of 1%. Finally, the maximum drag difference between the two grid types was
about 2%.
In all these numerical approaches, the drag force can be deduced in different ways:
• With Darcy penalty methods [26], it can be obtained directly from the source term used to accelerate the
fluid outside the particles.
• With the LBM, the drag force exerted by the fluid on the particles is calculated according to the momentum
exchange algorithm of Ladd [15].
• In the IBM approach, the forces exerted by the fluid on the particles can be deduced from the reaction IBM
force imposed in the momentum equations to satisfy a solid behavior [22,27], or by using the velocity and
pressure fields solution of the Navier–Stokes equation [23,28].
• With the volume penalty method (VPM), Bizid [29] uses Taylor extrapolations to get the pressure and
viscous stress projection on the particle surface.
Our major contribution is to propose an accurate force estimate for finite-size particle simulations. Even
if all full DNSs of particle flows extract forces on particles [2,10,20,30], few works report on how practically
these forces can be calculated and what is the accuracy or convergence order of the forces. Among the wide
literature devoted to full DNS of particle motions, we can cite the work of Bizid [29,31] who uses Taylor
extrapolation to estimate pressure and viscous constraints on the particle surface. This approach is of low
accuracy as it utilizes velocity and pressure values that can be inside the particle volume. The most advanced
work on force calculation on immersed interfaces is due to Zastawny et al. [32] with an improved mirroring
immersed boundary method. In the present work, a new force calculation is proposed based on Lagrange
extrapolation of third order, coupled with a Taylor interpolation of the same order. The main point of our
approach is to upwind the interpolation support in the normal direction to the fluid/solid interface so as to use
only fluid values to estimate forces. Detailed validations of forces are considered for estimating accuracy and
convergence order of the proposed method.
The article is structured as follows. A presentation of the models and numerical methods is first proposed
in Sect. 2, paying attention to describe fictitious domain and penalty methods used to model and approximate
incompressible particulate motions. In the third Section, a new force calculation for immersed interfaces is
proposed, with discussions conducted on order of approximations and associated accuracy. Validations for
flows interacting with isolated spherical particles at various Reynolds number are presented in the fourth
section. Section 5 is devoted to simulations and validations of flows through fixed arrangements of mono- and
bidisperse spheres. Finally, conclusions and perspectives are drawn.
2 Model and numerical methods
2.1 Fictitious domain approach
The modeling and simulation of moving objects (bubbles, droplets, solid particles) interacting with a carrier
fluid is impossible to realize with unstructured meshes as soon as these objects deform or move in a 3D
geometry. The commonly developed alternative approach consists in simulating this kind of flow on a fixed
grid and locating the interface thanks to an auxiliary phase function such as Volume of Fluid or Level Set
functions [33]. The concept that disconnects the interface motion and the mesh used to solve the conservation
equations is called fictitious domain approach [7,34]. Indeed, from the motion equation point of view, the
interface is not known; only its presence is taken into account thanks to a volume auxiliary function. In these
approaches, the interface tracking and the associated building of the phase function are of primary importance.
As proposed in [10], incompressible two-phase flows involving a carrier fluid and a solid phase can be
modeled on a fixed mesh with fictitious domain approaches by considering the incompressible Navier–Stokes
equations together with a phase function C describing the particle phase shape evolutions through an advection
equation on the corresponding phase function. As explained by Kataoka [35] for fluid/fluid two-phase flows
and Vincent [10] for particle flows, the resulting model takes implicitly into account the coupling between
different phases separated by resolved interfaces, i.e., larger than the mesh cell size. The motion equations
read
∇ · u = 0, (1)
ρ
(
∂u
∂t
+ (u · ∇) u
)
= −∇ p + ρg + ∇ · [μ(∇u + ∇ t u)] + Fsi + Fm, (2)
∂C
∂t
+ u · ∇C = 0 (3)
where u is the velocity, p the pressure, t the time, g the gravity vector, and ρ and μ, respectively, the density
and the viscosity of the equivalent fluid. The two-way coupling between particle and fluid motions is ensured
in the momentum equations by the presence of a solid interaction force Fsi [36,37] which is not considered
in the present work as only fixed particles are dealt with. The source term Fm , given by Eq. (23), is used to
impose a flow rate to the fluid if required, for example when pipe flows are considered.
The one-fluid model is almost identical to the classical incompressible Navier–Stokes equations, except
that
• the local properties of the equivalent fluid (ρ and μ) depend on C . In the present work, an arithmetic
average is used for density
(
ρ = Cρs + (1 − C)ρ f
)
and an harmonic average is considered for viscosity(
μ = μsμ f
Cμ f + (1 − C)μs
)
[10].
• the interface localization requires solving of an additional equation on C . Instead of solving this equation
on the Eulerian mesh, which is a source of numerical diffusion or tearing of interfaces, a Lagrangian
representation is preferred. A specific mesh (linear elements in 2D and set of triangles in 3D) is considered
for the particle surface S. Equation (3) is reformulated as dXb
dt
= Vp, with Xb the centroid of the spherical
particle and Vp the velocity of the particle interpolated with surrounding Eulerian velocities coming from
solving Eqs. (1, 2). The approximation of the Lagrangian tracking of Xb is detailed in [10]. Once Xb
is known, the position of each particle surface mesh element is also known. The phase function C is
automatically built by projecting the Lagrangian particle mesh onto the Eulerian mesh [33]. For non-
spherical particles, the rotational motion has to be considered. It is, for example, solved with quaternions
[38]. In the present work, only fixed arrangements of particles are dealt with. As a consequence, the
Lagrangian particle tracking is not considered even if the Lagrangian mesh for representing particles is
used to calculate forces.
Satisfying the incompressible and solid constraints in fluid and particles requires developing a specific model.
Two penalty approaches are proposed and detailed in the next Section to tackle with these constraints.
2.2 Penalty methods
As explained in the previous Section, the one-fluid model and the fictitious domain approach formulated for
dealing with particle flows require to consider each different phase (fluid, solid) as a fluid domain with specific
material properties (density and viscosity for an isothermal flow). Each sub-domain is located by a phase
function C .
In addition to local physical characteristics of the fluid that change over time due to particle motion, the
local constraints that have to be fulfilled change potentially at each time step. Indeed, a given point or cell can
be inside a fluid zone at time nΔt and can be solid at the next time step (n + 1)Δt . Here, n is the time index
and Δt the associated time step. Two different numerical methods are used to satisfy in a coupled way and at
the same time the fluid incompressibility and the solid behavior:
• Ensuring the solid behavior in the solid zones where C = 1 requires to define a specific rheological law for
the rigid fluid part without imposing the velocity, as the particle velocities are not always known a priori
in particulate motions (particle sedimentation, fluidized beds, turbulence particle interaction). A specific
model is implemented for handling the solid particle behavior in the one-fluid Navier–Stokes equations. It
is based on a decomposition of the viscous stress tensor and on a penalty method that acts on the viscosity
which tends to large values in the particles [39] to implicitly impose the solid behavior and also the coupling
between fluid and solid motion. For fixed particles, the velocity of the cell containing the centroid of the
particle is imposed equal to zero. The viscous penalty method propagates the zero velocity in the whole
solid medium.
• Following a similar walk-through as in the work on Stokes and Navier–Stokes equations proposed by
Fortin and Glowinski [40], an augmented Lagrangian method is applied to the unsteady Navier–Stokes
equations dedicated to particulate flows. The main objective is to deal with the coupling between velocity
and pressure and to satisfy the fluid and solid constraints at the same time. Starting with u∗,0 = un and
p∗,0 = pn , the augmented Lagrangian solution reads while ||∇ · u∗,m|| >  as solution of
(u∗,0, p∗,0) = (un, pn)
ρn
(
u∗,m − u∗,0
Δt
+ u∗,m−1 · ∇u∗,m
)
− ∇(r∇ · u∗,m)
= −∇ p∗,m−1 + ρng + ∇ · [μn(∇u∗,m + ∇T u∗,m)] + Fsi + Fm,
p∗,m = p∗,m−1 − r∇ · u∗,m
(4)
where r is an augmented Lagrangian parameter used to impose the incompressibility constraint, m an itera-
tive convergence index, and  a numerical threshold controlling the constraint. The augmented Lagrangian
method is a kind of penalty technique: If r → +∞, the incompressibility is imposed but solving the linear
system is difficult with iterative solvers while r → 0 does not act on the fluid constraint and keeps the
conditioning of the matrix unchanged. Usually, a constant value of r is used, for example equal to the
average between the minimum and maximum eigenvalues of the linear system for Stokes flows [40]. From
numerical experiments, optimal values are found to be of the order of ρi and μi in each phase (fluid or
solid) to accurately solve the motion equations in the related zone [8,9]. Algebraic improvements have
also been proposed by Vincent [41] to automatically estimate the local values of r . In the present work, a
constant value of r will be used.
The penalty method has been validated on numerous analytical and experimental reference solutions in [9,10,
34,39,41–43].
2.3 Discretization schemes and solvers
The schemes and solvers used in the present work are detailed in [10]. The mass and momentum conservation
equations, containing the viscous and augmented Lagrangian penalty terms, are discretized with implicit finite
volumes on structured staggered meshes. The time derivative is approximated with a first- or second-order
Euler scheme while the inertial, viscous, and augmented Lagrangian terms are discretized with a second-order
centered scheme. All fluxes are written at time (n + 1)Δt , except the nonlinear inertial term that is linearized
at first or second order as follows:
• u · ∇u ≈ un · ∇un+1 for first-order linearization
• u · ∇u ≈ (2un − un−1) · ∇un+1 for second-order Adams–Bashforth-like linearization
The obtained linear system is solved with a BiCGSTAB II iterative solver [44], preconditioned with a
modified and incomplete LU approach [45]. All the code is working on massively parallel computers by using
MPI devices and exchanges [10]. As an example, the simulation of the bidisperse case presented in Sect. 5.2,
with Re = 100, αd = 0.15, and a 1703 mesh, takes 2 days of CPU time on 216 processors to reach the steady
state after 10,000 iterations. These results have been obtained on intel (r) IVYBRIDGE 2.8 GHz processors.
3 Lagrange extrapolation of forces for immersed boundary methods
The drag force due to the fluid–solid interaction at a surface S of the solid phase is:
FD = Fp + Fv (5)
where the pressure force Fp and the viscous force Fv are:
Fp =
∮
S
−p n dS, (6)
Fv =
∮
S
2μ · n dS. (7)
Here,  is the fluid strain tensor.
The computation of these forces consists in discretizing S on a set of N elements (triangles in 3d and
segments in 2d) called Lagrangian mesh (see Fig. 1), such that:
Fp ≈
N∑
l
−pl nl dSl , (8)
Fv ≈
N∑
l
2μl .nl dSl (9)
where pl l , and nl are, respectively, the pressure, strain tensor, and outgoing normal vector at the center Cl of
the lth element of the Lagrangian mesh as illustrated in Fig. 1. Normal nl and element surface d Sl are deduced
from the coordinates of the nodes constituting the lth element.
3.1 Low-order naive approach
Given that the pressure field p and the viscous stress tensor , used in the drag force computation, are known
on the Eulerian mesh and not on the Lagrangian mesh as explained above, the naive approach to overcome this
problem consists in interpolating them from the Eulerian mesh on the Lagrangian mesh using a second-order
Taylor interpolation detailed in “Appendix 1.”
To validate this approach, we compute the drag force exerted by a uniform Stokes flow (Re = 10−3) on
an isolated cylinder (2D) and an isolated sphere (3D), as detailed below.
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Fig. 13 Pressure coefficient for a uniform flow past an isolated sphere at a Re = 1, b Re = 10, c Re = 100: (open diamond)
Dennis et al. [48], (open triangle) Magnaudet et al. [49], (open circle) LeClair et al. [50], (open square) Massol [24], and (small
filled circle) present work
• by choosing a desired mean fluid velocity 〈u f 〉 = ud , and so a desired Reynolds number. A source term
Fm = −ρ 〈u f 〉 − ud
Δt
+
∑Np
i F
D
i
V f
(23)
is inserted into the momentum conservation equations. It is adjusted until the desired Reynolds number is
reached. This is the method used in this work. Its main advantage is to be able to simulate a prescribed
Reynolds number without a trial and error procedure unlike what is required in the pressure gradient
technique.
Two ways to distribute the particles are studied in this work: a face-centered cubic arrangement of spheres
for both mono- and bidisperse flows and random assemblies of spheres only for monodisperse flows.
The particulate Reynolds number Re = |〈u f 〉|d
ν
is used for studying the face-centered cubic arrangement
of spheres following the work of Massol [24]. On the other hand, in the random assemblies of spheres, another
Reynolds number based on the superficial velocity (1 − αd)|〈u f 〉| is considered to take into account the solid
loading in the characterization of the flows [19,23]. It is given by:
ReS = (1 − αd)|〈u f 〉|d
ν
. (24)
The relation between the solid volume fraction αd and the number of particle Np is:
Np = 6
π
(
L
d
)3
αd . (25)
As for the uniform flow past an isolated sphere, the grid resolution is fixed by imposing 5 Cartesian cells
in the boundary layer as Δx = d
5
√
ReS
.
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Fig. 19 Normalized drag force for a uniform flow past randomly packed spheres as a function of the superficial Reynolds number
ReS and solid volume fraction a αd = 0.1, b αd = 0.15, c αd = 0.2, d αd = 0.3: (solid line) Tenneti et al. [23], (dash dotted
line) Gobin et al. [14], (dashed line) Beetstra et al. [19], and (open circle) present work. The error bars represent 95% confidence
intervals in the estimation of the normalized drag force
different realizations (MIS). Simulations with various solid volume fractions αd = 0.1, 0.15, 0.2, 0.3 have
been investigated, together with different superficial Reynolds numbers ranging from 20 to 200.
The results presented in Fig. 19 demonstrate again a good global agreement of our results with the existing
correlations of Tenneti et al. [23], Gobin et al. [14] and Beetstra et al. [19] for each solid volume fraction
studied here as shown in Fig. 19a for αd = 0.1, 19b for αd = 0.15, 19c for αd = 0.2, and 19d for αd = 0.3,
all functions of the superficial Reynolds number. In all cases, for larger ReS , the correlation of Beetstra et al.
[19] is farther from other works.
The pressure profiles according to θ are given in Figs. 20 and 21. They have been obtained with our force
calculation and our simulations. It can be noticed that the pressure contribution on the drag force increases
with the solid volume fraction in both vertical plane β = 0 as illustrated in Fig. 20a and lateral plane β = 45;
see Fig. 20b. On the contrary, it seems that the Reynolds number has a small effect on the distribution of the
pressure over the particles, and here again for both planes, as illustrated in Fig. 21. This result has previously
been obtained in the study of Tenneti et al. [23]. One can observe that the same result is obtained for both
planes β.
As can suggest the correlation of Gobin et al. [14], our results (see Fig. 22) show that the drag force in
a random arrangement of spheres is having the same dependence on the Reynolds number as for an isolated
sphere. On the contrary, different behaviors are noticed for Tenneti and Beetstra simulations.
5.2 Bidisperse arrangements of spheres
For a bidisperse arrangement of spheres, i.e., with two types of particle size, we studied a face-centered
cubic periodic arrangement for the two species of spheres: The larger particles are distributed in the same
configuration as the one previously presented for monodisperse arrangements while the smaller particles are
positioned at the center of the vertices and at the center of the cubic simulation domain. This geometry of the
particle arrangement is illustrated in Fig. 23.




• Fourth order:
f (Cl) = f (E) + ∂ f
∂xi
(E)((Cl)i − Ei ) + 12
∂2 f
∂x2i
(E)((Cl)i − Ei )2
+ ∂
2 f
∂xi∂x j
(E)((Cl)i − Ei )((Cl) j − E j ) + 16
∂3 f
∂x3i
(E)((Cl)i − Ei )2
+
∑
i = j
1
2
∂3 f
∂x2i ∂x j
(E)((Cl)i − Ei )2((Cl) j − E j )
+ ∂
3 f
∂x1∂x2∂x3
(E)((Cl)1 − E1)((Cl)2 − E2)((Cl)3 − E3)
+ O(||Cl − E||4).
(33)
For each order of interpolation, we have to discretize the partial derivative used in it by considering the
same order of discretization. To avoid using a solid point in the approximation of these derivatives, we choose
to use, depending on the sign of the outgoing normal vector nl , a forward (resp. a backward) difference scheme
if (nl)i > 0 (resp. (nl)i < 0). The forward difference scheme for the derivatives used in (30), (31), (32), (33)
is detailed below. The backward difference scheme is straightforwardly obtained.
Gradient approximation
∂ f
∂xi
= 3 fi − 4 fi+1 + fi+2−2Δxi + O(||Δx ||
2),
∂ f
∂xi
= 11 fi − 18 fi+1 + 9 fi+2 − 2 fi+3−6Δxi + O(||Δx ||
3),
∂ f
∂xi
= 25 fi − 48 fi+1 + 36 fi+2 − 16 fi+3 + 3 fi+4−12Δxi + O(||Δx ||
4).
Hessian approximation
∂2 f
∂x2i
= 35 fi − 104 fi+1 + 114 fi+2 − 56 fi+3 + 11 fi+4
12Δx2i
+ O(||Δx ||3),
∂2 f
∂xi∂x j
= 539 fi, j − 781 fi+1, j + 297 fi+2, j − 55 fi+3, j − 781 fi, j+1 + 1035 fi+1, j+1
192ΔxiΔx j
−303 fi+2, j+1 + 49 fi+3, j+1 + 297 fi, j+2 − 303 fi+1, j+2 + 3 fi+2, j+2
192ΔxiΔx j
+3 fi+3, j+2 − 55 fi, j+3 + 49 fi+1, j+3 + 3 fi+2, j+3 + 3 fi+3, j+3
192ΔxiΔx j
+O(||Δx ||3),
∂2 f
∂x2i
= 45 fi − 154 fi+1 + 214 fi+2 − 156 fi+3 + 61 fi+4 − 10 fi+5
12Δx2i
+O(||Δx ||4),
∂2 f
∂xi∂x j
= 117 fi, j − 73 fi+1, j − 83 fi+2, j + 42 fi+3, j − 3 fi+4, j − 73 fi, j+1 − 243 fi+1, j+1
60ΔxiΔx j
477 fi+2, j+1 − 173 fi+3, j+1 + 12 fi+4, j+1 − 83 fi, j+2 + 477 fi+1, j+2
60ΔxiΔx j
+−528 fi+2, j+2 + 137 fi+3, j+2 − 3 fi+4, j+2 + 42 fi, j+3 − 173 fi+1, j+3
60ΔxiΔx j
+137 fi+2, j+3 − 3 fi+3, j+3 − 3 fi+4, j+3 − 3 fi, j+4 + 12 fi+1, j+4 − 3 fi+2, j+4
60ΔxiΔx j
+−3 fi+3, j+4 − 3 fi+4, j+4
60ΔxiΔx j
+ O(||Δx ||4).
Third-order derivative approximation
∂3 f
∂x3i
= 49 fi − 232 fi+1 + 461 fi+2 − 496 fi+3 + 307 fi+4 − 104 fi+5 + 15 fi+6−8Δx3i
,
+O(||Δx ||4)
∂3 f
∂x2i ∂x j
= 2775 fi, j − 8725 fi+1, j + 10895 fi+2, j − 7105 fi+3, j + 2550 fi+4, j−480Δx2i Δx j
−390 fi+5, j − 4085 fi, j+1 + 11931 fi+1, j+1 − 13489 fi+2, j+1
−480Δx2i Δx j
+7911 fi+3, j+1 − 2654 fi+4, j+1 + 386 fi+5, j+1 + 1675 fi, j+2−480Δx2i Δx j
+−3889 fi+1, j+2 + 2856 fi+2, j+2 − 744 fi+3, j+2 + 101 fi+4, j+2−480Δx2i Δx j
+ fi+5, j+2 − 385 fi, j+3 + 711 fi+1, j+3 − 264 fi+2, j+3 − 64 fi+3, j+3−480Δx2i Δx j
+ fi+4, j+3 + fi+5, j+3 + 10 fi, j+4 − 14 fi+1, j+4 + fi+2, j+4 + fi+3, j+4−480Δx2i Δx j
+ fi+4, j+4 + fi+5, j+4 + 10 fi, j+5 − 14 fi+1, j+5 + fi+2, j+5 + fi+3, j+5−480Δx2i Δx j
+ fi+4, j+5 + fi+5, j+5−480Δx2i Δx j
+ O(||Δx ||4),
∂3 f
∂x1∂x2∂x3
= 4069 fi, j,k − 13656 fi+1, j,k − 6 fi+2, j,k − 6 fi+3, j,k − 6 fi+4, j,k−9000Δx1Δx2Δx3
12194 fi, j+1,k − 23256 fi+1, j+1,k + 10194 fi+2, j+1,k + 444 fi+3, j+1,k
−9000Δx1Δx2Δx3
+−306 fi+4, j+1,k − 16681 fi, j+2,k + 77094 fi+1, j+2,k − 19206 fi+2, j+2,k−9000Δx1Δx2Δx3
+−456 fi+3, j+2,k + 294 fi+4, j+2,k − 6 fi, j+3,k − 52956 fi+1, j+3,k−9000Δx1Δx2Δx3
+11244 fi+2, j+3,k + 244 fi+3, j+3,k − 6 fi+4, j+3,k − 6 fi, j+4,k−9000Δx1Δx2Δx3
+13794 fi+1, j+4,k − 3006 fi+2, j+4,k − 6 fi+3, j+4,k − 6 fi+4, j+4,k−9000Δx1Δx2Δx3
+−6 fi, j,k+1 + 18294 fi+1, j,k+1 + 744 fi+2, j,k+1 − 6 fi+3, j,k+1−9000Δx1Δx2Δx3
+−6 fi+4, j,k+1 + 59869 fi, j+1,k+1 − 6 fi+1, j+1,k+1 − 6 fi+2, j+1,k+1−9000Δx1Δx2Δx3
+−6 fi+3, j+1,k+1 − 6 fi+4, j+1,k+1 − 177281 fi, j+2,k+1 − 40506 fi+1, j+2,k+1−9000Δx1Δx2Δx3
+−756 fi+2, j+2,k+1 − 6 fi+3, j+2,k+1 − 6 fi+4, j+2,k+1 + 153019 fi, j+3,k+1−9000Δx1Δx2Δx3
+26994 fi+1, j+3,k+1 + 1494 fi+2, j+3,k+1 − 6 fi+3, j+3,k+1 − 6 fi+4, j+3,k+1−9000Δx1Δx2Δx3
+−34281 fi, j+4,k+1 − 7506 fi+1, j+4,k+1 − 6 fi+2, j+4,k+1 − 6 fi+3, j+4,k+1−9000Δx1Δx2Δx3
+−6 fi+4, j+4,k+1 − 7581 fi, j,k+2 + 3444 fi+1, j,k+2 − 4356 fi+2, j,k+2−9000Δx1Δx2Δx3
+−606 fi+3, j,k+2 + 144 fi+4, j,k+2 − 136281 fi, j+1,k+2−9000Δx1Δx2Δx3
+−4506 fi+1, j+1,k+2 + 3744 fi+2, j+1,k+2 − 6 fi+3, j+1,k+2 − 6 fi+4, j+1,k+2−9000Δx1Δx2Δx3
+348519 fi, j+2,k+2 + 3744 fi+1, j+2,k+2 − 6 fi+2, j+2,k+2 − 6 fi+3, j+2,k+2−9000Δx1Δx2Δx3
+−6 fi+4, j+2,k+2 − 257481 fi, j+3,k+2 − 6 fi+1, j+3,k+2 − 6 fi+2, j+3,k+2−9000Δx1Δx2Δx3
+−6 fi+3, j+3,k+2 − 6 fi+4, j+3,k+2 + 51294 fi, j+4,k+2 − 6 fi+1, j+4,k+2−9000Δx1Δx2Δx3
+−6 fi+2, j+4,k+2 − 6 fi+3, j+4,k+2 − 6 fi+4, j+4,k+2 − 6 fi, j,k+3−9000Δx1Δx2Δx3
+−1206 fi+1, j,k+3 − 6 fi+2, j,k+3 + 494 fi+3, j,k+3 − 6 fi+4, j,k+3−9000Δx1Δx2Δx3
+97519 fi, j+1,k+3 − 6 fi+1, j+1,k+3 − 6 fi+2, j+1,k+3 − 6 fi+3, j+1,k+3−9000Δx1Δx2Δx3
+−6 fi+4, j+1,k+3 − 212981 fi, j+2,k+3 − 6 fi+1, j+2,k+3 − 6 fi+2, j+2,k+3−9000Δx1Δx2Δx3
+−6 fi+3, j+2,k+3 − 6 fi+4, j+2,k+3 + 136469 fi, j+3,k+3 − 6 fi+1, j+3,k+3−9000Δx1Δx2Δx3
+−6 fi+2, j+3,k+3 − 6 fi+3, j+3,k+3 − 6 fi+4, j+3,k+3 − 20181 fi, j+4,k+3−9000Δx1Δx2Δx3
+−6 fi+1, j+4,k+3 − 6 fi+2, j+4,k+3 − 6 fi+3, j+4,k+3 − 6 fi+4, j+4,k+3−9000Δx1Δx2Δx3
+−6 fi, j,k+3 + 294 fi+1, j,k+3 − 6 fi+2, j,k+3 − 6 fi+3, j,k+3 − 6 fi+4, j,k+3−9000Δx1Δx2Δx3
+−19531 fi, j+1,k+3 − 6 fi+1, j+1,k+3 − 6 fi+2, j+1,k+3 − 6 fi+3, j+1,k+3−9000Δx1Δx2Δx3
+−6 fi+4, j+1,k+3 + 38294 fi, j+2,k+3 − 6 fi+1, j+2,k+3 − 6 fi+2, j+2,k+3−9000Δx1Δx2Δx3
+−6 fi+3, j+2,k+3 − 6 fi+4, j+2,k+3 − 18931 fi, j+3,k+3 − 6 fi+1, j+3,k+3−9000Δx1Δx2Δx3
+−6 fi+2, j+3,k+3 − 6 fi+3, j+3,k+3 − 6 fi+4, j+3,k+3 − 6 fi, j+4,k+3−9000Δx1Δx2Δx3
+−6 fi+1, j+4,k+3 − 6 fi+2, j+4,k+3 − 6 fi+3, j+4,k+3 − 6 fi+4, j+4,k+3−9000Δx1Δx2Δx3
+O(||Δx ||4).
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